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non-equivalence of definitions in the discrete case
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Abstract: Distributions of the same type can be discussed in terms of distribu-
tion functions as well as their integral transforms. For continuous distributions
they are equivalent. In this note it is shown that it is not so in the discrete case.
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1 Introduction

Distributions of the same type have roles when we need to consider change of scale of a
distribution for better fit to the given data (or in general scale families of distributions),
standardization of distributions and in the area of stability problems in stochastic models.
Distributions of the same type can be discussed in terms of distribution functions (d.f.) as
well as their integral transforms (characteristic functions (CF), Laplace transforms (LT) or
probability generating functions (PGF)). When we study summation stability of distribu-
tions it is convenient to consider distributions of the same type in terms of their integral
transforms depending on their support, that is, CF’s for distributions on R = (−∞,∞),
LT’s on for distributions on R+ = (0,∞), and PGFs for those on Z+ = {0, 1, 2, . . .}.
When we study stability of extremes of distributions we will consider distributions of the
same type in terms of their d.f.’s or survival functions.

LetX be a continuous random variable (r.v.) with d.f. F (x), x ∈ R and CF φ(t), t ∈ R.
A change of scale to X is represented by cX , c > 0, and the corresponding d.f. and CF are
given by

G(x) = P (cX ≤ x)

= P
(
X ≤ x

c

)
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= F
(x
c

)
ψ(t) = E

(
eictX

)
= φ(ct)

Thus there is one-to-one correspondence between F
(
x
c

)
and φ(ct).

2 Distributions of the same type: discrete case

Now consider distributions of the same type for those on Z+. The first definition is derived
from the LT of the continuous analogue.

Definition 2.1 (see [1]) Two PGF’s Q1(s) and Q2(s) are of the same type if for all s ∈
(0, 1) and some α ∈ (0, 1) we have

Q1(s) = Q2(1− α+ αs).

The d.f. of a mixture of geometric distributions on Z+ has the general form

F (k) = P (X < k) = 1−m(k), k = 0, 1, . . .

where {m(k)} is the moment sequence of the mixing distribution. Further {m(k)} is also
the sequence of realizations of a LT m(s), s > 0, at the non-negative integral values of s.
Since m(αs) also is a LT for a constant α > 0, we can define another d.f. by

G(k) = 1−m(αk), k = 0, 1, . . .

Writing
Fα(k) = 1−m(αk)

we have
G(k) = Fα(k) for all k = 0, 1, . . . (1)

Thus we have a scale family {Fα(k) : α > 0} of d.f.’s on Z+ and F (k) is a member of it.
The existence of such a family of d.f.’s justifies the following definition.

Definition 2.2 (see [2]) Two d.f.’s F (k) and G(k) on Z+ are of the same type if equation
(1) is satisfied for some α > 0.
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Example 2.1 Let X has a geometric (p) distribution on Z+. Then its d.f. is

F (k) = 1− qk, k ∈ Z+

and PGF is
QX(s) =

p

1− qs
, q = 1− p.

Now following Definition 2.2 for some α ∈ (0, 1) (so that Definition 2.1 is also accommo-
dated) consider the r.v. Y with d.f.

G(k) = 1− qαk, k = 0, 1, 2, . . .

Setting

q =
1

4
, α =

1

2

we have

qα =

√
1

4
=

1

2
.

Further we have

QX(s) =
3

4− s

QY (s) =
1

2s

QX

(
1− 1

2
+
s

2

)
=

6

7− s

QY

(
1

2
+
s

2

)
=

2

3− s

Thus we have

QX(s) 6= QY

(
1

2
+
s

2

)
,

QY (s) 6= QX

(
1

2
+
s

2

)
,

considering both the possibilities.
Hence the two definitions are not equivalent. This example has appeared in [3].
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